
Feature-Aided Tracking of

Ground Vehicles using Passive

Acoustic Sensor Arrays

VISHAL CHOLAPADI RAVINDRA

YAAKOV BAR-SHALOM

THYAGARAJU DAMARLA

Tracking of a moving ground target using acoustic signals ob-

tained from a passive sensor network is a difficult problem as the

signals are contaminated by wind noise and are hampered by road

conditions, terrain and multipath, etc., and are not deterministic.

Multiple target tracking becomes even more challenging, especially

when some of the vehicles are light (e.g., wheeled) and some are

heavy (e.g., heavy wheeled vehicles like trucks, tracked vehicles like

tanks, etc.). In such cases the stronger acoustic signals from the

heavy vehicles can mask those from the light vehicles, leading to

poor detection of such targets. The full position estimates of emit-

ters (targets), obtained following the association of the DoA angle

estimates from multiple sensor arrays at each time scan, are used

for target tracking. However, because of the particular challenges

encountered in multiple ground vehicle scenarios, this association

using kinematic (DoA angle) measurements only is not always reli-

able and can lead to lost as well as false tracks.

In this paper we propose a new feature-augmented static associ-

ation algorithm where feature augmented DoA angle measurements

from multiple sensors are associated to localize targets and obtain

composite measurements (position estimates) using a static multidi-

mensional assignment (MDA) framework. We present a novel DoA

detection scheme followed by a feature extraction technique de-

signed from and for real data. Dynamic S-D and feature-aided S-D

(multidimensional) assignment algorithms are presented to assign

composite measurements and feature-augmented composite mea-

surements, respectively, to tracks. The techniques are developed

based on real data sets and tested on real data based on a field

experiment.
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1. INTRODUCTION

Ground vehicle tracking using acoustic data ob-

tained from passive sensor networks is a very challeng-

ing problem as the signals are contaminated by wind

noise, and are hampered by road conditions, terrain,

multipath, etc., and are not deterministic. Multiple ve-

hicle tracking becomes even more challenging, espe-

cially when some of the vehicles are light vehicles, some

are heavy wheeled vehicles and some are tracked like

tanks, and are closely spaced. Passive acoustic sensors

are gaining in popularity because of their low cost, ease

of deployment, and the fact that they can be deployed

on the ground. As passive sensors do not emit their

own signals, unlike active sensors, there is no danger

of being detected. Passive acoustic sensor networks are

being used in battlefield monitoring as well as in civilian

surveillance applications.

In single target scenarios with active sensors, kine-

matic measurements (such as range, bearing, etc.) are

obtained which can be used to estimate the trajectory

of targets [2]. When a network of passive sensors is

used, however, the range of a target can be obtained

only after associating the direction of arrival (DoA, or

line of sight–LoS) angle estimates obtained by at least

three sensors. This is because ghosting or false intersec-

tions occur with just two sensors with multiple targets

in the same plane. Hence, in order to eliminate or re-

duce ghosting one has to use DoAs from at least three

sensors (see [1, Sec. 8.8.2]). This makes the problem

computationally expensive for a large number of mea-

surements. There is added difficulty in data association

when targets stay close together over an extended pe-

riod of time (as acoustic signals from some targets can

fade and then re-appear or can be masked by stronger

signals from other targets), because one has to associate

the DoA angle estimates from the same target to obtain

its position.

Feature-aided tracking (FAT) is a rapidly developing

research area [15, 16, 19, 33], as various FAT techniques

exploit certain properties of the received signals at the

sensor level to augment the kinematic measurements to

alleviate the difficulties encountered in data association

and tracking using kinematic measurements only. For

scenarios such as the one considered in the present pa-

per, traditional data association and target tracking al-

gorithms can be enhanced by integrating features with

the kinematic data. Typical features are estimated tar-

get dimensions, radar cross-section, signature data and

received signal properties among others. Features have

been typically used to enhance target identification, i.e.,

classification, discrimination or recognition [7] and to

enhance data or track association [1, 15].

Classification aided tracking is presented in [15, 16]

where it is offered as an alternative to the traditional ap-

proach (with the classifier being treated separately from

the tracker). However, a unique mathematical model is

needed to be constructed for each target type in order
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to make such an algorithm robust. In [8] a multilevel

feature-based association algorithm to simultaneously

track and identify targets is presented, where features

extracted from high range resolution (HRR) profiles are

correlated with target signatures for identification. The

simultaneous use of target classification information and

target kinematic measurements for target tracking using

a multidimensional assignment framework is presented

in [4]. Another paper [28] studies the combining of

identification and tracking, as each task can be enhanced

by fusing it with the other; however, these methods re-

quire the availability of target signatures beforehand.

In [22] kinematic measurements from ground moving

target indicator (GMTI) and local motion features from

HRR are combined in a probabilistic logic based tracker

for dense multitarget scenarios. Features extracted from

HRR profiles, by approximating it with a Gaussian mix-

ture density using the expectation maximization (EM,

see [17]) algorithm, are combined with kinematic mea-

surements in a probabilistic framework for multiple tar-

get tracking in [33]. Another algorithm is presented in

[21] to combine GMTI measurements with features ex-

tracted in the wavelet domain from HRR profiles for

multitarget tracking in a joint probabilistic data associ-

ation (JPDA, see [1, 3]) context. Various feature-aided

classification and FAT techniques for single target as

well as multiple targets have been proposed and imple-

mented in the recent past for ground vehicle scenarios

using acoustic signals from sensor arrays. Classification

and identification of multiple targets using acoustic sig-

natures is presented in [12]. In this approach, bearing

tracking and data association is first performed. Once

the bearings of the targets are established, beamforming

is performed in each individual direction to extract har-

monic features, and a multi-variate Gaussian classifier is

applied on each feature set for identification and clas-

sification. Many target classification algorithms based

on acoustic signatures in the literature [20, 24, 25, 34]

assume that a single target is present and use statistical

parameters, namely the mean and variance of several

harmonics of the fundamental engine firing rate of each

target for identification and classification. When mul-

tiple targets are present within the surveillance region

of acoustic sensor arrays, the measurements no longer

exhibit the same statistics as they did for the individual

targets when alone, due to masking and interference.

Hence, the algorithms developed with a single target

assumption perform poorly [12]. In [11] an algorithm

to track multiple ground vehicles was presented based

on a template of the DoA angles for the leading target

or the target closest to the sensor array and hence the

loudest with the strongest signal to noise ratio (SNR).

This template was used to predict the DoA angles of

all the other targets. A distributed fusion algorithm is

developed in [38] that extracts features in time as well

as frequency domain from the acoustic signals and inte-

grates classification results from different sensor arrays

to increase the classification accuracy. Acoustic signa-

tures from air and ground vehicles produced from their

engine or propulsion mechanisms are used by neural

network based pattern recognition algorithms for classi-

fication in [35]. Target tracking is easier if the identities

of signal sources (targets) are known beforehand based

on classification techniques [12, 13]. However, this is

an unreasonable assumption in the scenario considered

in the present paper due to the various challenges dis-

cussed earlier. Moreover, the extraction of reliable sig-

natures is challenging because of the environment, in-

terference from other moving parts and nearby vehi-

cles and their nonstationarity. Further, a majority of the

classification techniques require building reliable math-

ematical models and templates as well as an extensive

library of training data for each target type.

In the present paper we present a feature-aided data

association technique that employs a feature-augmented

measurement set (as compared to just kinematic mea-

surements) in a static as well as dynamic assignment

framework for target localization and tracking. The ma-

jor challenge is the development of reliable models to

extract and characterize features. Section 2 describes

the generation of the PSD of the signals received by

the passive sensors using the minimum variance distor-

tionless response (MVDR, see [36]) spectral estimation

technique, and a novel DoA angle detection scheme

using the PSD. Section 3 describes a novel algorithm

used to extract features from the PSD. Section 4 in-

troduces and describes the target localization problem,

i.e., obtaining their full position estimates (compos-

ite measurements) using a multidimensional assignment

(MDA1) framework. The composite measurements are

assigned to tracks using both conventional as well as

feature-aided dynamic MDA algorithms in Section 5.

This multisensor information processing is configura-

tion III from [1, Sec. 8.2]. Section 6 describes the real

data scenario considered in the present paper and Sec-

tion 7 provides the target localization and tracking per-

formance comparison results between the conventional

and feature-aided MDA algorithms. The techniques are

developed based on real data sets and tested on real data

based on a field experiment.

2. PSD GENERATION AND DOA DETECTION

Circular 2-D passive sensor arrays made up of M

microphones arranged equidistantly, as shown in Fig. 1,

are employed in a passive sensor network on the ground

to listen to multiple ground vehicles. Assuming that

the vehicles are at a sufficiently large distance from

the sensor array, so that the received signals from the

targets can be approximated by a planar wavefront,

various wideband beamforming algorithms described in

1MDA is also known as S-D assignment. Note the use of S for the

dimension of the assignment (the number of lists).
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Fig. 1. Circular sensor array made up of 7 microphones.

[9, 10, 13, 23, 26, 27, 36, 37, 39, 41] can be used to

detect signal sources and estimate their DoA angles with

respect to the known sensor array positions.

At each sampling time, a fast Fourier transform

(FFT) is performed on the raw acoustic data from each

microphone in an array and a discrete frequency band

from f1 to fnb , where nb is the number of bins with

bin intervals of 1 Hz, is chosen for processing. The fre-

quency bins are chosen to conform to the typical fre-

quencies of the acoustic signals emitted by engines and

other moving vehicle parts. As a result, we have a wide-

band processing algorithm that uses data from nb fre-

quency bins. We denote the FFT data used for process-

ing at each sample by X(m,fb), where m 2 f1, : : : ,Mg
represents each microphone and fb 2 ff1, : : : ,fnbg indi-
cates the frequency bins. The minimum variance distor-

tionless response (MVDR) algorithm provides, for each

sensor array, an estimate of the power spectral density

(PSD) of the acoustic signals impinging the array at a

particular scan

P̂(μd,fb) =
1

a(fb)
0R̂(fb)¡1a(fb)

,

μd 2 fμ1, : : : ,μDg and fb 2 ff1, : : : ,fnbg (1)

and
a(fb) = fXg0fbV (2)

with fXgfb denoting the column of the matrix X corre-
sponding to column fb, V denoting the steering matrix

(of dimension M £ 360, representing all possible direc-
tions in degrees, see Ch. 2, [36]), and

R̂(fb) =
1

M

MX
m=1

X(m,fb)
¤X(m,fb) (3)

the estimated covariance matrix.

The DoA angles are estimated in the present paper
by a novel DoA angle detection scheme from the PSD
(illustrated in Fig. 2). DoA detection, at each angle μ,
can be performed by applying a thresholding algorithm
on the frequency averaged estimated power spectrum
corresponding to direction μ

P̂(μ) =
1

nb

nbX
b=1

P̂(μ,fb): (4)

Fig. 2 shows a snapshot of the estimated PSD at a
particular scan for a sensor array. Along each angle

μ the frequency averaged PSD denoted by P̂(μ) in
(4) is illustrated in Fig. 3(a). In [13], thresholding on

P̂(μ) was used to detect DoA angles, i.e., a DoA angle
detection was declared at μd if a peak was observed in

the spectrum P̂(μ) at μd. The first derivative dP̂(μ)=dμ is
shown in Fig. 3(b). A DoA detection is made at angle

μd if a positive peak is detected at μd in ¡d2P̂(μ)=dμ2
shown in Fig. 3(c). This is because a thresholding
algorithm based just on the frequency averaged power
spectrum is likely to miss peaks which can be detected
by a thresholding algorithm that is based on the second
derivative of the spectrum. In the example shown in
the figure, the DoA angles detected are 239±, 123±,
219± and 189±, arranged in decreasing order of their
corresponding amplitudes.
In a typical ground vehicle tracking scenario where

the targets are moving on road or off-road conditions,
there are a variety of extraneous factors which affect the
acoustic signal, such as road conditions, sound gener-
ated by moving parts, wind, etc. This results in numer-
ous false alarms, i.e., power detections in frequency-
angle bins not directly due to the engine or moving
parts of the targets. There are also missing DoA angle
estimates (missed detections) due to signal attenuation
or the possible masking of signals from lighter vehicles
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Fig. 2. Power spectral density as a function of DoA angles and frequency bins obtained from the MVDR algorithm for one sensor array at

a particular scan (data set [12]).

by those from the heavier vehicles, especially when the

targets are closely spaced. As a result, the quality of the
data association is low if just the DoA angle estimates
are used as measurements. Therefore, the power spec-

trum will be exploited to generate features which could
enhance the accuracy of data association. Motivated by

this, a new feature extraction procedure is described in
the next section.

3. FEATURE EXTRACTION

In feature-aided ground vehicle tracking applications

the peak amplitudes of the spectrum have been used
as features [12, 35] in the past; however, due to signal

attenuation and masking in the case of multiple vehicle
road convoys, they are not reliable as features. The

location and the spread of the peaks carry more useful
information about the signal source, compared to the

amplitude, because they are not as affected by signal
attenuation and because a vehicle causes frequency

peaks in similar locations of the spectrum across all
the sensor arrays at any given time.2 In this paper we

propose a statistical modeling of the power distribution
in the frequency bins along each detected DoA and use

a Gaussian mixture model (GMM) to extract feature
vectors instead of just scalar features. For the problem

considered only scalar features were used in [12, 13].

2Doppler has been neglected as it amounts to less than 1—3(assuming

5—10 m/s vehicle speed).

3.1. Fitting of a Gaussian Mixture Model (GMM)

The observed data d(x), i.e., the estimated power

spectrum in a particular direction x, is modeled as

d(x) = y(x;¯) + ²(x) (5)

where y(x;¯) is the fitted parametric model, ¯ is the pa-

rameter vector and ²(x) is the fitting error. The objective

is to estimate the parameters of the model such that the

error (noise) is minimized in a statistical sense.

The nonlinear least squares (NLLS) method is used

to estimate the parameters of a nonlinear model–a

GMM–used to fit the data. The Gaussian mixture

modeling, useful for peak finding applications, is given

by

y(x;¯) =

nX
l=1

®l exp

"
¡1
2

μ
x¡¹l
¾l

¶2#
(6)

where ¯ = [(®1,¹1,¾1), : : : , (®n,¹n,¾n)]0 is the parameter
vector of the GMM such that ®l is the weight (ampli-

tude), ¹l is the location and ¾l is the width of the peak

of component l, and n is the number of components of

the GMM. The NLLS method can be used to estimate

the parameters of the GMM which best fit the observed

data in (5). Fig. 4 illustrates the GMM fitting results

when applied to power spectrum data for certain DoA

detections obtained by three sensor arrays at a particular

time. A GMM with n= 4 components was used to ex-

FEATURE-AIDED TRACKING OF GROUND VEHICLES USING PASSIVE ACOUSTIC SENSOR ARRAYS 91



Fig. 3. The thresholding used to detect DoAs from a particular sensor array at a certain scan: (a) frequency averaged power spectrum as a

function of angles only, (b) the first derivative of the function in (a), and (c) the negative of the second derivative of the function in (a).

tract the location, width and the amplitude of the peaks

from the power spectrum data.3

From the example illustrated in Fig. 4, one can see

that there are at most n= 4 frequency peaks from each

of the S = 3 sensors, corresponding to three detected

DoA angles μ1, μ2 and μ3 (subscripted by the sensor

index). These peak locations form a matrix of dimension

n£ S (with the column elements listed in decreasing
amplitude order)

L=

0BBBB@
40 78 40

15 40 18

36 117 37

49 15 14

1CCCCA : (7)

3The selection of n is taken as a design parameter, a larger n was

found to lead to excessive uncertainty in the feature model for the

application considered.

The peak location matrix given in (7) for the three

sensor arrays in Fig. 4 shows that the peak locations are

not necessarily matched across the S sensors, i.e., a peak

location is not necessarily matched with the peak loca-

tions shown in the same row of the other S¡1 columns
(lists). For example, in (7), the first row is [40 78 40].

The location of the peak in the second column (at 78 Hz)

is not close to the location of the peaks in the first and

third columns (at 40 Hz). Hence, in order to properly

order peak locations across lists (sensors), each peak

location should be matched to other peak locations (in

the other lists) in such a way that each matched S-tuple

of peak locations consists of peak locations which are

close to each other. If a peak is located in such a way

that it cannot be matched to any other peaks in the re-

maining lists, it is matched to a dummy element which

indicates a missing peak detection. Each peak location

is matched to at most one corresponding peak location

from another list. This matching of peak locations is
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Fig. 4. Gaussian mixture model fitting to extract features: (a) feature data from sensor array 1 (DoA angle μ1, peak locations:

[40, 15, 36, 49]), (b) feature data from array 2 (DoA angle μ2, peak locations: [78,40,117,15]), and (c) feature data from array 3

(DoA angle μ3, peak locations: [40, 18, 37, 14]).

done by solving a generalized multidimensional assign-

ment (MDA)4 algorithm [1, 14, 29, 30, 31, 32] that is

described in Sections 4 and 5.

3.2. Frequency Peak Location Matching to Obtain
Feature Vectors

The peak location vectors (e.g., columns of the ma-

trix in (7)), estimated by the GMM algorithm, cor-

responding to each of the detected DoA angles are

©
p
1i1,:::,SiS

= [Á
p
1i1
,Á
p
2i2
, : : : ,Á

p
SiS
] where each peak location

vector Á
p
sis
corresponding to DoA angle μsis , s= 1, : : : ,S,

is of the form

Á
p
sis
= [® ¹1sis ¹2sis ¢ ¢ ¢¹nsis]0 (8)

where ¹lsis is the location of the lth component (peak)

of the GMM (6) used to fit P̂(μsis) and ® indicates the

4The assignment problem is called generalized assignment if dummies

are used.

dummy element5 that signifies the missed detection of

a peak.

The MDA algorithm is solved, for the purpose of

matching of peak locations across lists, to obtain the fol-

lowing S-tuple of feature vectors corresponding to the
S-tuple of detected DoA angle estimates μ1i1 ,μ2i2 , : : : ,μSiS

©1i1,:::,SiS = [Á1i1 ,Á2i2 , : : : ,ÁSiS ] (9)

where
Ásis = [® ¹

js1
sis

¹
js2
sis
¢ ¢ ¢¹jsnmsis ]0 (10)

where ¹
jsq
sis
2 f®,¹lsisg and q= 1, : : : ,nm. Each element

¹lsis from (8) appears exactly once in Ásis while ® ap-

pears nm¡ n times. It has to be noted that nm could vary
with each S-tuple of DoA angle estimates being consid-

ered, while n remains the same as it is a GMM fitting

design parameter and is fixed. This leads to “matched”

5Indexed by zero, and shown as the top row.
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feature vectors which is shown using the illustrative ex-

ample in (7) and (11). The example presented corre-

sponds to the same triplet (S = 3) of DoA angle esti-

mates μ1,μ2,μ3, which gives rise to the peaks illustrated

in Fig. 4. The triplet of peak location vectors of length
n= 4 are as shown in (7). The triplet of feature vectors,

each of length nm = 7, obtained after performing the

matching of peak locations as described above is

Lmatched =

0BBBBBBBBBBB@

40 40 40

15 15 14

36 ® 37

49 ® ®
® 78 ®
® 117 ®
® ® 18

1CCCCCCCCCCCA
: (11)

4. STATIC MDA PROBLEM: GENERATION OF FULL
POSITION ESTIMATES

One of the most important issues in multisensor-

multitarget tracking is data association [1]. Static data

association, i.e., measurement to measurement associ-

ation at each time scan is especially important in the

case of passive sensor networks, where each sensor ar-

ray obtains only DoA angle measurements at each scan.

At each scan, the DoA angle measurements from the

same target, from at least three sensor arrays (in order

to reduce ghosting, see [1, Sec. 8.8.2]), have to be asso-

ciated in order to obtain the full position estimate of its

location. Recently, a class of algorithms called multidi-

mensional assignment (MDA) algorithms have been de-

veloped to solve the data association problem using an

assignment approach [6, 14, 29, 30, 31, 32]. The present

paper uses the MDA approach to solving the data asso-

ciation problem. This approach, designated as Multisen-

sor Information Configuration III in [1], requires first a

static association of DoA angle measurements to DoA

angle measurements across sensor arrays at each time

k, resulting in full position estimates called “composite

measurements” (CM). If the DoA angle measurements

are augmented by features, the result will be feature-

augmented composite measurements. This is to be fol-

lowed by dynamic association of the CMs to tracks and

filtering which then yields target tracks.

4.1. Conventional-Cost Based MDA

For the static problem considered, at any given time

k, we are given S scans (lists) of measurements from S

passive sensors gathering data in a surveillance region.

Each list contains a certain number of detections, not

necessarily equal to the number of targets. The objec-

tive is to obtain the full position estimates of an un-

known number of targets using the S lists of DoA an-

gle measurements. The sensors obtain measurements at

discrete time samples,6 k = 1, : : : ,K, with a time period

of T s.

Each list consists of DoA angle measurements μsis ,

where is = 1,2, : : : ,ns. Each measurement either origi-

nated from a true target t or from some spurious source

of clutter (t= 0). If the measurement μsis is originated

from target t, it is modeled as

zsis = h(xt,xs)+wsis (12)

where xt is the true target position, xs is the (fixed)
sensor array position, h is the measurement function,

wsis »N (0,¾2sis) is the measurement noise and ¾sis rep-
resents the sensor error. If the measurement μsis is origi-

nated from clutter, it is modeled as uniformly distributed

within the field of view of the sensor array s, i.e.,

p(μsis j t= 0) =
1

Vs
(13)

where Vs is the volume of the field of view of the sensor

s. In addition, the probability of detection of a target

is PD.

The goal is to localize the targets by estimating

their positions at time k. A generalized likelihood ratio7

which uses estimated target positions instead of true

target positions (which are unavailable) for candidate

associations, is used to attach costs to each feasible

S-tuple of measurements (or candidate associations)

[1]. To account for missed detections that give rise to

incomplete S-tuples a dummy measurement is added

to each list which simplifies the notation for these

incomplete measurement-to-target associations caused

by missed detections. The MDA algorithm is then used

to globally minimize the cost in order to obtain feasible

associations.

The likelihood that an S-tuple of measurements Zr
(where r stands for the S-tuple index), originated from

target t, with position xt at some instant k is

¤(t) = p(Zr j t) =
SY
s=1

[1¡PDs]1¡±is [PDsp(μsis j xt)]±is ,

is 2 f0,1, : : : ,nsg (14)

where ±is is the measurement detection indicator func-

tion. The likelihood that the measurements Zr are all

spurious or unrelated to target t, i.e., (t= 0) is

¤(t= 0) = p(Zr j t= 0) =
SY
s=1

·
1

Vs

¸±is
: (15)

The cost of associating the S-tuple Zr to target t

is given by the negative log-likelihood ratio (NLLR),

where the likelihoods that make up the numerator and

the denominator are given in (14) and (15), respectively.

However, since xt in (14) is unknown, it will be replaced

6All the sensors are assumed synchronized with respect to time.
7An extensive treatment on the choice of a likelihood ratio as a cost

function can be found in [5].
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by its maximum likelihood estimate (MLE)

x̂t = argmaxxt
p(Zr j t) (16)

and the cost is

cr =¡ ln
¤̂(t)

¤(t= 0)
(17)

where

¤̂(t) =

SY
s=1

[1¡PDs]1¡±is [PDsp(μsis j x̂t)]±is : (18)

Using (12), (15) and (18) in (17), the cost of the

candidate association of the S-tuple of measurements

Zr to a target t is

cr =¡
SX
s=1

[1¡ ±is] ln(1¡PDs)+ ±is ln[PDsVsp(μsis j x̂t)]:

(19)

4.2. Feature-Aided MDA

In the feature-aided MDA problem, at time k, we are

given S lists of feature-augmented measurement vec-

tors instead of S lists consisting only of DoA angle

measurements. An S-tuple of DoA angle measurements

Zr can be augmented with an S-tuple of feature vec-

tors ©r = fÁ1i1 , : : : ,ÁSiSg, where Ásis denotes the feature
vector corresponding to a DoA angle measurement μsis ,

to form an S-tuple of feature-augmented measurement

vectors (denoted by boldface)

Zr = [Zr,©r]
0: (20)

The generalized likelihood that the feature-augment-

ed S-tuple Zr consists of feature-augmented measure-

ment vectors from a target t is8

¤̂(t) = p(Zr j t) = p([Zr,©r] j (x̂t, '̂t)) (21)

where x̂t is the MLE of the target position given in

(16) and '̂t is the estimated feature vector of target t.

Assuming that the DoA angle measurement errors and

the feature vectors are independent, we have

¤̂(t) = p(Zr j x̂t)p(©r j '̂t) = ¤̂K(t)¤̂Á(t) (22)

where ¤̂K(t) and ¤̂Á(t) represent the kinematic and

feature generalized likelihood functions, respectively.

Note that ¤̂K(t) is the same as the generalized likelihood

function given in (18).

The generalized likelihood that an S-tuple of feature-

vector measurements, ©r, corresponding to an S-tuple of

angle measurements Zr are from a target t with feature

estimate '̂t is given by

¤̂Á(t) = p(Á1i1 ,Á2i2 , : : : ,ÁSiS j '̂t) (23)

8The likelihood based on the augmented (kinematic and feature) mea-

surements is denoted by boldface (¤).

where Ásis is the feature vector corresponding to the

DoA angle measurement μsis from the sth list

Ásis = [¹
1
sis
,¹2sis , : : : ,¹

nr
sis
]0 (24)

where ¹lsis (l = 1, : : : ,nr) represents either a feature (de-

tected matched peak location) or a dummy (missed de-

tection of the peak in list s), as described in Section 3.2.9

Assuming independence between the measurement

errors across lists, (23) can be simplified

¤̂Á(t) =

SY
s=1

fp(Ásis j '̂t)g±is : (25)

Substituting (24) in (25), and assuming that the com-

ponents Ásis of the feature vector are uncorrelated, we

have

¤̂Á(t) =

SY
s=1

(
nrY
l=1

[1¡PDls]1¡±sl [PDlsp(¹lsis j '̂t)]±sl
)±is
(26)

where PDls is the (nonunity) probability of detection of

the features in list s, while ±sl is the detection indicator

function for the feature ¹lsis . The feature ¹
l
sis
is assumed

to be distributed as follows

p(¹lsis j '̂t) =N (¹lsis ; ¹̂l(t), (¾lsis)2), is 2 f1, : : : ,nsg
(27)

where

¹̂l(t) =

PS
s=1¹

l
sis
±slPS

s=1 ±sl

: (28)

The standard deviation ¾lsis of the feature ¹
l
sis
is obtained

from the GMM fitting in (6).

The likelihood that the S-tuple Zr consists of feature-
augmented measurement vectors which are all spurious

or are unrelated to a target t is

¤(t= 0) = p(Zr j t = 0) =
SY
s=1

fp(μsis j t= 0)p(Ásis j '(t) = 0)g±is

=

SY
s=1

8<:p(μsis j t= 0) ¢
"

nrY
l=1

p(¹lsis j '(t) = 0)
#±sl9=;

±is

:

(29)

Assuming that the angle and feature clutter measure-

ments are uniformly distributed, we have

¤(t= 0) =
SY
s=1

8<: 1

Vs

"
nrY
l=1

1

V
f
s

#±ls9=;
±is

(30)

where Vs and V
f
s are the surveillance volumes in angle

and frequency, respectively, of array s.

9The length of the feature vector nr varies for each candidate S-

tuple of feature-augmented measurement vectors, as explained in Sec-

tion 3.2. Additional notation is omitted for simplicity.
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The cost of assigning the S-tuple Zr is given by the

NLLR obtained from the likelihood functions (22) and

(30), and substitution from (18) and (26)

cr =¡ ln
¤̂(t)

¤(t= 0)
=¡ ln ¤̂K(t)¤̂Á(t)

¤(t= 0)
: (31)

This cost function can be simplified to the following

form

cr =¡
SX
s=1

[1¡ ±is ] ln(1¡PDs ) + ±is ln[PDsVsp(μsis j x̂t)]

+ ±is

(
nrX
l=1

(1¡ ±ls) ln(1¡PDls ) + ±
l
s ln[PDls

Vfs p(¹
l
sis
j '̂(t))]

)
:

(32)

The most likely set of S-tuples such that each feature-

augmented measurement vector in a list is assigned to

either other measurement vectors, or declared false, with

the constraint that each assigned S-tuple receives at most

only one measurement vector from each list, is obtained

by solving a global MDA optimization problem using

the cost function (32). The assignment problem for-

mulation can be found in [1, 14, 29, 30, 32]. Various

Lagrangian relaxation techniques have been developed

[14, 30, 31] to solve the MDA problem and the details

are discussed in the following section. The solution to

the MDA problem at each scan k results in a set of

assigned feature-augmented measurement vectors (with

at least 3 non-dummy DoA angles), and using trian-

gulation (see Ch. 8, [1]) on the assigned S-tuples of

DoA angle measurements the full position estimates (the

composite measurements) are obtained.

5. TARGET TRACKING WITH DYNAMIC
ASSIGNMENT

The static multidimensional assignment algorithm

described in Section 4 yields composite measurements

(CM) at each scan. The classical dynamic assignment

problem [1, 29], i.e., the assignment of CMs from the

current scan k or a window of scans up to scan k¡ S+1
to established tracks from the previous scan k¡ 1, can
be solved using an S-D10 dynamic assignment frame-

work. When the list of CMs at the current scan only is

considered, the 2-D11 dynamic assignment framework

is used. Solving a 2-D problem is computationally less

demanding than the case where S > 2, as it can be solved

optimally in polynomial time using a generalized auc-

tion algorithm [6, 18]. In a 2-D dynamic assignment

framework, each CM at scan k is to be assigned to either

an established track Tu(k¡ 1) from scan k¡ 1, where

10S denotes the number of scans in dynamic assignment, it has no

relation to the number of sensor arrays used in the static case.
11The 2-D dynamic assignment is a special case of the S-D sliding

window dynamic assignment algorithm where the size of the window

is 1, i.e., S = 2.

u 2 f1, : : : ,U(k¡ 1)g, or is used to start a new track if
assigned to u= 0 (a dummy), based on the global so-
lution of a 2-D generalized assignment algorithm using
a likelihood ratio-based cost function. However, the in-
formation about track evolution which can be gained by
using multiple scans of CMs, is lost. By using multiple
scans it is also possible to modify previous assignments
(excluding assignments from the scan at the tail of the
sliding window, which cannot be modified in the next
scan) which is not possible in 2-D dynamic assignment.
Using a multidimensional algorithm (S-D) rather than a
2-D algorithm may yield better tracking results. In S-D
dynamic assignment a sliding window of the latest S¡ 1
scans of CMs is to be assigned to a list of established
tracks. At scan k, a list of pre-existing tracks from scan
k¡ S+1, is to be assigned to CMs from the window
of scans with depth S¡ 1, i.e., measurements from scan
k¡ S+2 to the current scan k, using a likelihood ratio
based cost function. It is well known that when S ¸ 3,
the MDA is an NP-hard problem, i.e., the complexity of
an optimal algorithm increases exponentially with the
size (number of dimensions) of the problem, as a result
suboptimal algorithms with acceptable accuracy have to
be solved that have polynomial complexity. In [30] a 3-
D assignment problem was solved using a Lagrangian
relaxation technique that successively solves a series of
generalized 2-D assignment problems with the worst
case complexity of O(3in3) [30], where i is the number
of relaxation iterations and n is the number of reports in
each scan (or from each sensor in the case of static MDA
discussed in Section 4). However, when S ¸ 4 multiple
sets of constraints have to be relaxed. In [31] the con-
straints are relaxed one set at a time corresponding to
each list and the resulting S¡ 1-D assignment problem
is solved iteratively with a feasible solution to the orig-
inal S-D problem being reconstructed subsequently. In
the present paper the technique developed in [14] is used
where all the S-2 lists are relaxed simultaneously. The
problem then is a 2-D assignment problem and can be
solved optimally in polynomial time. The Lagrangian
multipliers associated with multiple constraint sets are
updated simultaneously for faster convergence [14]. The
computational complexity is O(i(S¡ 1)Cn3) where i is
the maximum number of iterations, C is the range of
the cost coefficient and n is the number of reports at
each scan.

5.1. Conventional-Cost Based S-D Dynamic
Assignment

The likelihood that the S¡ 1-tuple of CMs
zmk¡S+2(k¡ S+2), : : : ,zmk (k) is from track Tu(k¡ S+1),
where m 2 f0,1, : : : ,Mg and u 2 f1, : : : ,U(k¡ S+1)g is
given by

¤mk¡S+2,:::,mk ,u(k)

= p[zmk¡S+2 (k¡ S+2), : : : ,zmk (k) j Tu(k¡ S+1)]

=

kY
i=k¡S+2

(1¡PD)1¡±i ¢ [PD¤mi ,u(i)]±i (33)
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where

¤mi,u(i) = p[zmi(i) j Tu(k¡ S+1),fzmj (j)gi¡1j=k¡S+2]
(34)

is the likelihood if the CM zmi (i) is associated with

track Tu(k¡ S+1) continued with measurements

fzmj (j)gi¡1j=k¡S+2 [4]. The kinematic CM prediction errors

are assumed to be independent across lists, and zmi (i) is

the mith CM at scan i. The probability of detection and

the indicator function of measurement zmi(i) are PD and

±i, respectively, with the latter defined as

±i =

½
1 if mi > 0

0 if mi = 0
: (35)

The likelihood that the measurements forming the

S¡ 1-tuple zmk¡S+2(k¡ S+2), : : : ,zmk (k) are from none of
the established tracks (i.e., they are from false alarms)12

is

¤mk¡S+2,:::,mk ,0(k)

= p[zmk¡S+2(k¡ S+2), : : : ,zmk (k) j T0(k¡ S+1)]

=

kY
i=k¡S+2

·
1

V

¸±i
(36)

where a uniform distribution is assumed, with V being

the volume of the surveillance region.

The cost of assigning an S¡ 1-tuple, zmk¡S+2(k¡ S
+2), : : : ,zmk (k), of CMs to a track Tu(k¡ S+1) where
u 2 f0,1, : : : ,N(k¡ S+1)g is

cm,u,S =

8><>:
0 if u= 0

¡ ln
"
¤mk¡S+2,:::,mk ,u(k)

¤mk¡S+2,:::,mk ,0(k)

#
if u > 0

(37)

where the two likelihood functions are defined in (33)

and (36).

5.2. Feature-Aided S-D Dynamic Assignment

In the conventional-cost based S-D dynamic assign-

ment approach, only the kinematic CMs obtained by

the sensor network are used for target tracking and the

information contained in the feature vectors is lost. The

solution of the static MDA algorithm described in Sec-

tion 4 results in M(i) CMs, at scan i, that include the

feature vectors corresponding to the assigned DoA an-

gle measurements that give rise to each CM. A com-

posite feature vector −mi (i), where i is the scan index

i 2 fk¡ S+2, : : : ,kg, can be obtained from the S-tuple

of feature vectors corresponding to the S-tuple of as-

signed DoA angle measurements that give rise to zmi (i).

Appendix A describes the procedure to obtain a com-

posite feature vector.

12All the measurements from time k¡ S+2 deemed false by the as-
signment are used to initialize new tracks.

In feature-aided S-D dynamic assignment, a slid-

ing window of the latest S¡ 1 scans (lists) of feature-
augmented CM vectors, rather than just kinematic CMs,

is assigned to an established track list. At scan k, one

has a list of existing tracks at scan k¡ S+1. To this
list one assigns the feature-augmented CM vectors from

a window of scans with a window depth of S¡1, i.e.,
measurement vectors from scan k¡ S+2 to current scan
k, using a likelihood ratio based cost function. Each CM

zmi(i), at scan i 2 fk¡ S+2, : : : ,kg, is augmented by its
corresponding composite feature vector −mi (i) to form a

feature-augmented CM vector (using bold face notation)

zmi (i) = [zmi(i)
0 −mi (i)

0]0: (38)

The likelihood that the S¡ 1-tuple of feature-aug-
mented CM vectors zmk¡S+2 (k¡ S+2), : : : ,zmk (k) is from
track Tu(k¡ S+1), where m 2 f0,1, : : : ,Mg and u 2
f1, : : : ,U(k¡ S+1)g is given by (again using bold face
notations)

¤mk¡S+2,:::,mk ,u(k)

= p[zmk¡S+2 (k¡ S+2), : : : ,zmk (k) j Tu(k¡ S+1)]

=

kY
i=k¡S+2

(1¡PD)1¡±i ¢ [PD¤mi,u(i)]±i (39)

where

¤mi ,u(i) = p[zmi (i) j Tu(k¡ S+1),fzmj (j)gi¡1j=k¡S+2]
(40)

where PD and ±i are the probability of detection and

the indicator function, respectively, of zmi (i). Assuming

independence between the kinematic CM prediction er-

rors and their corresponding composite feature vectors,

we have using (38)

¤mi ,u(i)

= p[zmi (i) j Tu(k¡ S+1),fzmj (j)gi¡1j=k¡S+2]p[−mi ,u(i)]

= ¤mi ,u(i)p[−mi ,u(i)] (41)

where ¤mi,u(i) is the (kinematic) likelihood defined in

(34) and −mi,u(i) is the composite feature vector at scan

imatched to the features from track u whose distribution

is derived in Appendix A.

The likelihood that the feature-augmented CM vec-

tors forming the S¡ 1-tuple zmk¡S+2(k¡ S+2), : : : ,zmk (k)
are false alarms, assuming independence between the

kinematic measurement errors and the features as be-

fore, is

¤mk¡S+2,:::,mk ,0(k)

= p[zmk¡S+2 (k¡ S+2), : : : ,zmk (k) j T0(k¡ S+1)]

=

kY
i=k¡S+2

fp[zmi (i) j T0(k¡ S+1)]p[−mi (i) j T0(k¡ S+1)]g
±i :

(42)
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Assuming uniform distributions like before, we have

¤mk¡S+2,:::,mk ,0(k) =
kY

i=k¡S+2

½
1

V
p[−mi ,0(i)]

¾±i
(43)

where V is the volume of the surveillance region,

−mi ,0(i) represents the matched feature vector at scan

i, if its elements are from clutter, and its distribution is

given in Appendix A.

The cost of assigning an S¡ 1-tuple of feature-
augmented CM vectors zmk¡S+2(k¡ S+2), : : : ,zmk (k) to
a track Tu(k¡ S+1) where u 2 f0,1, : : : ,N(k¡ S+1)g
is

cm,u,S =

8><>:
0 if u= 0

¡ ln
"
¤mk¡S+2,:::,mk ,u(k)

¤mk¡S+2,:::,mk ,0(k)

#
if u > 0

(44)

where the two likelihood functions are defined in (39)

and (43).

5.3. Track Initiation

A one-point initialization technique [40] is used to

initialize tracks at the beginning of the scenario (i.e.,

k = 0),13 whereM(0) tracks are initialized at scan 0 from

fzm(0)gM(0)m=1 measurements. The initial state estimate

of each track is of the form x̂u(0 j 0) = [»m ´m
_»m _́

m]

where u is the track index. The velocity state compo-

nents _»m and _́
m are initialized at 0 m/s, as the mo-

tion direction of the target is assumed unknown. The

initial state estimate covariance of each track is of the

form

Pu(0 j 0) =
24 Rm 02£2

02£2
³vmax
2

´2
I2£2

35 (45)

where vmax is the assumed maximum target speed

and Rm is the measurement covariance matrix of the

2-dimensional Cartesian CM zm. As it is not readily

available, it is approximated by the Cramer-Rao lower

bound (CRLB) [2, 29, 32] corresponding to the like-

lihood function of the S-tuple of DoA angle measure-

ments that yielded it, and 0n£m and In£m are the all-zero
matrix and the identity matrix of dimension n£m, re-
spectively. The maximum target speed vmax is assumed

to be 9 m/s in the present paper.

An interacting multiple model (IMM) estimator with

two second-order linear kinematic models (white noise

acceleration, WNA) with two process noise levels is

used (see [2], Ch. 11). The one with the lower noise

level (with standard deviation 0:25 m/s2) is used to

model the uniform motion and the other one with stan-

13This is preferable to two-point initialization when, due to the small

sampling interval (1 s) the variance of the two-point velocity estimate

[1] is significantly larger than the maximum speed.

dard deviation 5 m/s2 for the maneuvers. The mode

transition probability matrix

¼ij =

·
0:95 0:05

0:05 0:95

¸
(46)

is used. A 5-sigma (° = 25) validation region (see

[1], Ch. 3) is used for gating, and in both 2-D and

S-D dynamic assignment, only measurements that fall

within the validation regions of tracks are candidates

for assignment. A probability of detection of 0.85 is

assumed for the CMs and 0.8 for the features used in

feature-aided dynamic assignment. The volume of the

entire surveillance region of the sensor network is as-

sumed to be 100,000 m2.

5.4. Track Confirmation and Deletion

After solving the S-D dynamic assignment problem

(Sections 5.1 and 5.2) at each scan, each assigned mea-

surement from scan k¡ S+2, i.e., the scan at the tail
of the sliding window, is used to update the existing

tracks, and the unassigned measurements are allowed

to form new candidate tracks. The unassigned measure-

ments from scans k¡ S+3 to k are retained as is in
the sliding window for the S-D assignment at the next

scan. Hence, they are given again a chance to be as-

signed to tracks. Candidate tracks are formed solely

for track initiation and they can be thought of as “sec-

ond class” members of the track list while the estab-

lished tracks can be thought of as “first class” mem-

bers. A candidate track is either confirmed as an up-

dated track or rejected, after a maximum of 5 scans,

using a Markov chain cascaded logic (2/2&2/3) (see

[1, Sec. 2.6.3]). A confirmed track is deleted if it is

not assigned any measurements in 3 consecutive scans.

Fig. 5 is a flowchart describing the S-D dynamic as-

signment based tracker.

6. REAL DATA SCENARIO

The algorithm developed above was exercised on

real data obtained from a field experiment conducted by

the U.S. Army Research Laboratory [12] at Aberdeen

Proving Ground, Maryland. A passive acoustic sensor

network was placed within a path that was traveled by

two targets, a heavy vehicle and a light vehicle. Fig. 6

shows the actual trajectories based on the instrumen-

tation that was installed in the two vehicles. However,

due to some alignment errors these could not be used as

ground truth for our evaluation. They will, however, be

used to compare the life of the tracks with the duration

of these trajectories.

All the acoustic sensor arrays used in the experiment

were circular arrays of microphones. The sampling rate

for each array was set at 1024 Hz, with a cutoff fre-

quency of 312 Hz and a gain of 100 selected for all

microphones in the array. The acoustic sensor arrays

that make up the passive sensor network were located

at known fixed positions xs, s= 1, : : : ,S, where S = 4 is
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Fig. 5. Flowchart describing the dynamic S-D assignment-based tracker.

the number of sensor arrays. Each sensor array has a

field of view of 360± and is made up of 7 equi-distant
microphones as shown in Fig. 1. DoA angle measure-

ments are estimated at each sampling time (1 s), from

the PSD of the acoustic signals received by each sen-

sor array, with an angular measurement error standard

deviation of 1±, as described in Section 2. A low-pass

spectrum of 1—120 Hz, divided into 120 bins of 1 Hz

each, is used by the MVDR algorithm to estimate the

PSD. The probability of detection of a DoA angle is

assumed to be 0.8, the probability of detection of the

features is assumed to be 0.8 and the surveillance region

volume in frequency is assumed to be Vfs = 120 Hz (the

width of the frequency spectrum).

7. RESULTS

Fig. 7 shows the tracking results obtained using

the 2-D dynamic assignment algorithm for a 2 target

scenario: one target (a heavy vehicle) traveling counter-

clockwise on an oval gravel path and the other target

(a light vehicle) on a southeast-northwest asphalt path.

The scenario starts at time 50 s and ends at time 185 s.14

Fig. 7(a) shows the tracks obtained when the

2-D dynamic assignment tracker uses the CMs obtained

from the conventional-cost based static (without fea-

14This is the time interval when there is a significant ambiguity due to

the interference between the two vehicles–the second target appears

shortly after time 50 s.
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Fig. 6. True trajectories along with the start and end times (in seconds) for each target.

tures) MDA algorithm described in Section 4.1. One

can see from comparing Fig. 7(a) with Fig. 6 that there

are two false tracks at the bottom of the oval path when

target 1 is turning. Track 2 is confirmed at scan 96 and

continues towards the north, incorrectly, between scans

120 and 126 after which it gets back on track (compare

with Fig. 6). In the case where the tracker uses CMs

obtained from the feature-aided static MDA algorithm

(Section 4.2), shown in Fig. 7(b), the tracker is able to

follow the maneuver of target 1 at the bottom of the

oval path better than the one in Fig. 7(a). Track 2 is

confirmed at scan 89 (i.e., 7 s earlier) and is not lost

until scan 117, after which it is reacquired at scan 125.

It can also be seen from both Figs. 7(a) and 7(b) that

track continuity is not as good at the bottom of the oval

track as when the target is closer to the sensors, as the

CMs obtained in that region are ill-conditioned because

the DoA angle measurements from all 4 arrays are very

closely spaced.

Fig. 8 shows the results obtained when the S-D

assignment tracker with S = 4, i.e., when 2 additional

lists of measurements are added. This improves over

the performance when S = 2, as well as when S = 3

(the latter not shown). For S > 4, there is no fur-

ther perceptible performance improvement. In the result

shown in Fig. 8(a), when the CMs obtained from the

conventional-cost based (without features) static MDA

algorithm are used, target 1 is lost at scan 119 and there

is a false track between scans 130—135. Target 1 is reac-

quired at scan 136 and continues till the end of the sce-

nario (scan 185), along the oval path. The tracker has

a false track between scans 83—89 and reacquires target

2 at scan 96 and keeps it until scan 127. In the result

shown in Fig. 8(b), one can see that while track 1 is lost

between scans 117—130, there are no false tracks like in

Fig. 8(a). Track 2 is confirmed at scan 86 (10 s sooner

than without features) and is not lost till it stops mov-

ing (130 s). The 4-D dynamic assignment based tracker

performs much better at the bottom of the oval track

when features are used to obtain CMs, when compared

to the case where features are not used to obtain CMs.

Fig. 9 shows the results obtained when the feature-

aided dynamic 2-D and feature-aided dynamic 4-D as-

signment based trackers are used. In the scenario shown

in Fig. 9(a), when the feature-aided dynamic 2-D tracker

is used, target 1 is lost at scan 120 (instead of 117 in

the dynamic assignment without features) and is reac-

quired at scan 128 (vs. 130). Track 2 is confirmed at

scan 86 and is not lost till target 2 stops moving. In the

results shown in Fig. 9(b), target 1 is lost between scans

120—128. Track 2 is confirmed at scan 86 and is not lost

till target 2 stops moving. From Fig. 9(a) it can be seen

that when the 2-D feature-aided tracker is used, target

1 is lost between scans 65—69; this loss is eliminated

when the 4-D feature aided tracker is used, as shown in

Fig. 9(b). While there is a clear benefit from using fea-

tures in the static association, the results in the dynamic

part indicate that the benefits are that target 1 is lost at

the bottom of the oval path for a shorter duration when

compared to the dynamic assignment scenarios where

features are not used.
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Fig. 7. Target tracking using conventional-cost based 2-D dynamic assignment: (a) using CMs obtained from conventional-cost based static
MDA, and (b) using CMs obtained from feature-aided static MDA.

8. CONCLUSIONS

In this paper a static data association algorithm to

obtain full position estimates (composite measurements

–CMs) of multiple ground targets using real acoustic

signal data, obtained by a passive sensor network, has

been presented using a novel feature-aided static MDA

(multidimensional assignment) framework. While the

methodology developed is general, it is illustrated on

real data collected by a sensor network comprised of

four sensor arrays which listen to two vehicles, a heavy

vehicle and a lighter vehicle. The CMs are assigned

to tracks using dynamic 2-D and S-D (with S = 4)

assignment.

A novel detection scheme has been presented to de-

tect DoAs from real acoustic data and a new feature

extraction technique based on GMM (Gaussian mixture

model) based fitting and multidimensional matching has

been presented to extract feature vectors which aug-
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Fig. 8. Target tracking using conventional-cost based 4-D dynamic assignment: (a) using CMs obtained from conventional-cost based static
MDA, and (b) using CMs obtained from feature-aided static MDA.

ment the corresponding DoA angle measurements. An

MDA algorithm is solved at each scan, using feature-

augmented likelihood ratio based cost functions, to ob-

tain composite measurements that are the full position

estimates of targets. Composite measurements are as-

signed to tracks using both conventional cost-based as

well as feature-aided S-D dynamic assignment.

It is observed from running the dynamic 2-D and

4-D assignment algorithms on real data that the track-

ing performance is significantly better when features are

used to generate the CMs. One track is initiated earlier,

and the breakages in the other are reduced. It is also

observed that the tracks using the feature-aided tracker

have shorter breakages. Its performance could be im-

proved if the shifts in frequency due to the motion of

vehicles are accounted for. This is a topic for further

research.

Modeling of the variation in time of the features and

track segment association can be further future topics of

investigation.
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Fig. 9. Target tracking using feature-augmented cost based 2-D and 4-D dynamic assignment: (a) feature-aided 2-D dynamic assignment,

and (b) feature-aided 4-D dynamic assignment.
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APPENDIX A. THE COMPOSITE FEATURE VECTOR

The composite feature vector −mi(i) corresponding

to the CM zmi (i) is given by

−mi (i) = [!
1
mi
(i),!2mi (i), : : : ,!

nmi
mi (i)]

0: (47)

Each element !lmi (i) in (47) is the weighted average of

the lth elements of the feature vectors corresponding to

the assigned S-tuple of DoA angle measurements that

give rise to zmi (i) and is obtained using (28).
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The composite feature vector corresponding to track

Tu is the composite feature vector corresponding to the

CM that has been assigned and used to update the track

u and is given by

−u = [!
1
u ,!

2
u , : : : ,!

nu
u ]

0: (48)

The composite feature vector in (47) is matched to

the composite feature vector in (48) using the same

matching technique described in Section 3.2. The

matched composite feature vector at scan i, i.e., −mi,u(i),

is given by

−mi,u(i) = [!
j1
mi
(i),!j2mi (i), : : : ,!

jnmi ,u
mi (i)]0 (49)

where f!jqmignmi ,uq=1 2 f®,!lmi(k)g; the resulting dummy el-
ements (missed detections) after matching are repre-

sented by ® and !lmi (i) is an element of the composite

feature vector in (47), with l 2 f1, : : : ,nmig being the in-
dex of its elements.15 Similarly, the matched composite

feature vector of track Tu is given by

−†u(k¡1) = [!j1u ,!j2u , : : : ,!
jnmi ,u
u ]0 (50)

where f!jqu gnmi ,uq=1 2 f®,!lug, with l 2 f1, : : : ,nug being the
index of the elements of the composite feature vector

(48).

The likelihood that the matched composite feature

vector −mi,u(i) at scan k is from track Tu is given by

p[−mi,u(i)] =

nmi ,uY
q=1

(1¡PDq)1¡±(miq) ¢ [PDqp(!
jq
mi (i))]

±(miq)

(51)

assuming that the individual matched composite fea-

ture vector elements are uncorrelated and where PDq and

±(miq) represent the probability of detection and the in-

dicator function for the elements of the matched com-

posite feature vector (49). The elements of the matched

composite feature vector are assumed to be distributed

as

p(!
jq
mi (i)) =N (!jqmi(i); !̂jq(i),¾2jq) (52)

where

!̂jq(i) =
!
jq
mi(i)±(miq)+!

jq
u (i)±(uq)

±(miq) + ±(uq)
(53)

±(uq) is the indicator function of the elements of the

matched composite feature vector (48), and ¾jq is the

standard deviation of the distribution of !
jq
mi (k) and

is assumed to be the minimum of all the standard

deviations ¾lsis (see Section 4.2) of the features that give

rise to the composite feature vector.

The likelihood that the matched composite feature

vector −mi,u(i) at scan i is from a source of clutter,

assuming a uniform distribution with Vf being the

15Each element of (47) appears only once in (49).

volume of the surveillance region of the sensor network

in frequency, is given by

p[−mi,0(i)] =

nmi ,uY
q=1

·
1

Vf

¸±(miq)
: (54)
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